A unified, stable and accurate meshfree framework for peridynamic
  correspondence modeling. Part II: wave propagation and enforcement of stress
  boundary conditions by Behzadinasab, Masoud et al.
Noname manuscript No.
(will be inserted by the editor)
A unified, stable and accurate meshfree framework for
peridynamic correspondence modeling. Part II: wave
propagation and enforcement of stress boundary conditions
Masoud Behzadinasab · John T. Foster · Yuri
Bazilevs
Received: date / Accepted: date
Abstract The overarching goal of this work is to develop an accurate, robust, and
stable methodology for finite deformation modeling using strong-form peridynam-
ics (PD) and the correspondence modeling framework. We adopt recently developed
methods that make use of higher-order corrections to improve the computation of
integrals in the correspondence formulation. A unified approach is presented that in-
corporates the reproducing kernel (RK) and generalized moving least square (GMLS)
approximations in PD to obtain higher-order non-local gradients. We show, however,
that the improved quadrature rule does not suffice to handle instability issues that
have proven problematic for the correspondence-model based PD. In Part I of this
paper, a bond-associative, higher-order core formulation is developed that naturally
provides stability without introducing artificial stabilization parameters. Numerical
examples are provided to study the convergence of RK-PD, GMLS-PD, and their
bond-associated versions to a local counterpart, as the degree of non-locality (i.e.,
the horizon) approaches zero. Problems from linear elastostatics are utilized to ver-
ify the accuracy and stability of our approach. It is shown that the bond-associative
approach improves the robustness of RK-PD and GMLS-PD formulations, which
is essential for practical applications. The higher-order, bond-associated model can
obtain second-order convergence for smooth problems and first-order convergence
for problems involving field discontinuities, such as curvilinear free surfaces. In Part
II of this paper we use our unified PD framework to: (a) study wave propagation
phenomena, which have proven problematic for the state-based correspondence PD
framework; (b) propose a new methodology to enforce natural boundary conditions
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2 Masoud Behzadinasab et al.
in correspondence PD formulations, which should be particularly appealing to cou-
pled problems. Our results indicate that bond-associative formulations accompanied
by higher-order gradient correction provide the key ingredients to obtain the neces-
sary accuracy, stability, and robustness characteristics needed for engineering-scale
simulations.
Keywords Peridynamics · Meshfree methods · Natural boundary conditions ·
Non-local derivatives · Reproducing kernel · GMLS · Bond-associative modeling ·
Higher order ·Wave dispersion
1 Introduction
In Part I of this series, we provided a unified meshfree approach to higher-order
peridynamic (PD) correspondence modeling, namely the reproducing kernel peridy-
namics (RK-PD) [15] (in which the non-local gradient operator is equivalent to the
PD differential operator [21]) and GMLS-PD based on the generalized moving least
squares operator [27] were considered in our unified approach. Both of these algo-
rithms can compute non-local gradients with nth-order accuracy. We showed that the
higher-order corrections cannot eliminate the well-known issue of numerical instabil-
ity in correspondence PD theory, which manifest itself as zero-energy mode oscilla-
tions in simulations that involve inhomogeneous deformations [18, 8, 28, 25, 3], and
may lead to large prediction errors in practical applications [16]. To provide stability
for the higher-order framework, we developed a continuum-based, bond-associated
model, inspired by [9, 10, 4], which takes into account non-uniform deformations
and maintains stability without additional stabilization mechanisms employed. It was
shown that the higher-order, bond-associated model can obtain second-order accu-
racy for smooth problems and first-order accuracy for non-smooth ones (e.g., involv-
ing solution-derivative discontinuity).
In Part II of this work, we aim to study how our unified, stabilized PD formulation
handles wave propagation phenomena and to develop a convenient methodology for
incorporating natural boundary conditions in PD.
Wave propagation phenomena have proven problematic for the correspondence
formulation of PD [25, 1], as the formulation becomes significantly dispersive for
relatively high wave numbers, imposing practical difficulties in a group of common
PD dynamic problems such as impact and penetration problems (or general fracture
mechanics problems involving rapid crack growth). Here we show how the bond-
associative, higher-order approaches improve the behavior of the correspondence-
based PD setting in capturing wave propagation phenomena.
Traditionally, stress boundary conditions have been represented as volumetric
body forces in PD, which may work for simple loading scenarios (see, e.g., [14, 6]
involving constant stress on flat boundaries). It is, however, not clear how to repre-
sent general stress conditions by body forces, which considerably limits the general
applicability of PD-based approaches. While Galerkin PD formulations can be devel-
oped (see, e.g. [11, 22]) and used to include natural boundary conditions in the weak
form, the weak-form strategy involves a six-dimensional (double) integration [19, 7],
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imposing significant computational cost. Thus, strong-form-based approaches, com-
monly employed in meshfree methods [26], are appealing for practical applications.
We introduce a convenient technique, while maintaining robustness, to incorporate
natural boundary conditions in the strong-form PD, based on the stabilized, higher-
order correspondence framework. In the presented approach, we assume that limited
information is available on boundaries. That is, either essential or natural bound-
ary conditions are known at each boundary point. The methodology developed here
should be particularly appealing to coupled problems, e.g., fluid-structure interaction
modeling where pressure and viscous stresses from the surrounding fluid are imposed
as natural boundary conditions on the structure surface.
The remainder of the paper is organized as follows. The governing equations of
the bond-associated, higher-order PD formulation are summarized in Section 2. Wave
propagation is studied in Section 3. A novel approach for non-local modeling of nat-
ural boundary conditions in the strong-form PD is presented in Section 4, including
the numerical examples to show the performance of the proposed methodology. Con-
cluding remarks and future directions are summarized in Section 5.
In what follows, all vectors are column vectors unless otherwise noted. Bold sym-
bols indicate tensors of rank 1 (i.e., vectors) or higher.
2 Stabilized, Higher-Order Correspondence Model of PD
In this section, the approach detailed in Part I of this paper to unify correspondence
material modeling, incorporating bond-associative and higher-order corrections, is
summarized.
The goal of these methods is to use non-local integration techniques, rather than
differentiation, to approximate classical continuum theory. That is, for a problem in
the Lagrangian frame, dynamic equilibrium exists if the internal forces are in balance
with the inertial and externally applied forces, i.e.,
ρ
∂ 2u
∂ t2
∣∣∣
(X,t)
−∇ ·P(X)−b(X) = 0, (1)
where X is a material point in the reference configuration, u is the displacement field,
ρ is the mass density in the undeformed configuration, and b is the body force per
uint volume. The static case is obtained by setting the first term in Eq. (1) to zero.
The second term in Eq. (1) is the divergence of the first Piola–Kirchhoff stress P,
which is the energy conjugate of the deformation gradient F defined as
F = I+∇u,
where I is the Identity Matrix. While local models evaluate the gradient operator
using partial differentiation, the noted PD approach uses the following integration
technique to compute a gradients at the discrete level:
(∇hf)I = ∑
J∈HI
[fJ− fI ] γ ᵀIJ , (2)
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where I and J denote discrete nodes, andHI is the family of I defined as
HI =
{
J | J ∈ B˜0, 0 < |XJ−XI | ≤ δ
}
,
where δ is called the horizon for the bodyB0 in the reference configuration. The co-
efficients γ IJ are obtained by RK and GMLS methods such that higher-order accurate
gradients may be computed provided the polynomial unisolvency is maintained (i.e.,
enough neighbors exist for representing the space of nth-order polynomials; see Part
I for more details).
– RK-PD:
γ IJ =Φ IJ VJ ,
where VJ is the volume of node J, and
Φ IJ = αIJ
∇Q
ᵀ
M˜−1I QIJ .
α is a weighting function, known as the influence function in PD, which is a
function of the relative distance between material points with respect to δ . The
moment matrix M˜ is defined by
M˜I = ∑
J∈HI
αIJ QIJ QᵀIJ VJ .
Q(ξ ) is a vector of the set of monomials {ξ β}n|β |=1, with a free parameter n that
determines the degree of accuracy of the non-local gradient operator.
∇Q is given
by
∇Q≡Q(δ j1,δ j2,δ j3) = [0 , . . . , 0 , 1
jth entry
, 0 , . . . , 0]ᵀ.
– GMLS-PD:
γ IJ = ω IJ
[XJ−XI ]
|XJ−XI |2
,
where ω IJ is a set of quadrature weights associated with the family of I. The
weights are obtained by solving the following constrained optimization problem:
argmin
ω IJ
∑
J∈HI
[ω IJ : ω IJ ]
such that, (∇h[p])I = (∇[p])I ∀p ∈ Vh,
in which Vh denotes a Banach space of functions whose gradients should be re-
produced exactly. Selecting Vh as the space of nth-order polynomials would be
beneficial to obtain higher-order gradients.
For both RK-PD and GMLS-PD (with the case of polynomials as the reproduc-
ing condition), it can be shown that
[ (n+d)!
n!d!
− 1
]
number of non-colinear (in 2D)
or non-coplanar (in 3D) bonds are required to obtain polynomial unisolvency [20],
where d is the space dimension. The horizon size, for uniform discretizations, must
be chosen greater than n×h with h the nodal spacing.
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Using Eq. (2), a higher-order, non-local, deformation gradient is given by
F˜I = I+ ∑
J∈HI
[uJ−uI ] γ ᵀIJ . (3)
Similarly, by employing the gradient operator on the stress field and applying the
trace operator, a higher-order, non-local divergence of the stress is obtained by
(∇h ·P)I ≈
(
∇h · P˜
)
I
= ∑
J∈HI
[
P˜J− P˜I
]
γ IJ , (4)
where P˜ = P(F˜).
To naturally stabilize the model, a bond-associative correction is implemented by
modifying Eq. (4) as (
∇h · P˜
)
I = ∑
J∈HI
[
P˜JI− P˜I
]
γ IJ , (5)
where P˜JI is called the bond-associated first Piola–Kirchhoff stress that is the energy
conjugate of the bond-associated deformation gradient, i.e., P˜JI = P(F˜JI). Here, F˜JI
is defined as
F˜JI = F˜J +∆ F˜nhJI
= F˜J +
[
xJ−xI− F˜I + F˜J2 [XJ−XI ]
]
[XJ−XI ]ᵀ
|XJ−XI |2 , (6)
where F˜J is the neighbor deformation gradient, evaluated by Eq. (3), and x is the cur-
rent position vector field, i.e., x = X+u. To account for non-uniform deformations,
∆ F˜nhJI is included in the bond-level deformation gradient. ∆ F˜nhJI = 0 for homogeneous
deformations. Neglecting ∆ F˜nhJI recovers the base divergence operator, i.e., Eq. (4).
3 Wave Propagation
In section, we use a 1D linear elastic wave propagation problem to study the dis-
persion relations of the proposed RK-PD and GMLS-PD models and their bond-
associative counterparts. This study allows us to gain insight into the effectiveness of
these formulations in dynamic problems. For an infinite 1D bar, the following plane
wave solution may be written explicitly
u(X , t) = u0ei(kX−ωt), (7)
where u0 is the wave amplitude, k is the wave number, andω is the angular frequency.
In addition, the following relation holds:
ω/k = c,
where c is the elastic wave propagation speed given by
c =
√
E/ρ.
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To set up this problem with the methods proposed, a bar of size [−2δ ,2δ ] (long
enough to remove the boundary effects for the center node) is discretized using a
uniform and a non-uniform grid. The material properties are set to E = 1 and ρ = 1.
The nodal displacements are prescribed as per Eq. (7), and the angular frequency is
computed by solving the equation of motion for the center node (X = 0) at t = 0:
ρ
∂ 2u
∂ t2
∣∣∣
(I,0)
=
∂hP
∂X
∣∣∣
(I,0)
,
where I refers to the node placed at X = 0. Using Eqs. (4) and (7), and rearranging
terms, we obtain
−ρω2u0 = ∑
J∈HI
[
P˜J(0)− P˜I(0)
]
γIJ .
A 1D linear material model, P˜ = E(F˜ − 1), is adopted here. Quadratic (n = 2) dis-
cretizations are employed with the average nodal spacing h = 1. For the non-uniform
case, a 15% random normal perturbation is applied to the nodal positions. In addition,
to study the horizon-size effect, δ = 3h and δ = 4h are considered. Note that if δ is
chosen to scale with h, kh (or kδ ) becomes an invariant in the mechanical response.
Fig. 1 shows the normalized real part of ω plotted versus the normalized k (num-
ber of wavelengths per h) for the uniform grid. RK-PD and BA-RK-PD denote the re-
producing kernel peridynamics and its bond-associated variant, respectively. GMLS-
PD and BA-GMLS-PD refer to the generalized moving least square peridynamic
method and its bond-associated version, respectively. For the uniform grid, due to
symmetry, the imaginary part of ω is zero. All the models capture the analytical re-
sponse as kh→ 0. Wave dispersion occurs for higher wave numbers, as expected.
It is observed that the bond-associated variants are significantly less dispersive than
the base formulations. Moreover, the number of zero angular frequencies (for a non-
zero wavelength), which is indicative of instability [5], is decreased using the bond-
associative models. Comparing the results between the two horizon sizes, it is seen
that using a larger δ for a fixed h leads to more dispersion, which is also expected.
Fig. 2 shows the normalized real and imaginary components of ω plotted ver-
sus the normalized k for the non-uniform grid. As for the uniform-grid case, a local
solution is captured for small kh regardless of the formulation chosen. However, for
larger kh, the bond-associated formulations are significantly less dispersive for both
the real and imaginary components of ω . Using a larger δ/h leads to more wave
dispersion. We also observed that for the bond-associated variants, for small to mod-
erate kh (kh/2pi < 0.5), the ratio of Im(ω) to Re(ω) is small, i.e., Im(ω)/Re(ω) <
0.05, which is not at all the case for the base models. This is yet another manifes-
tation of increased stability and robustness with respect to mesh distortion of the
bond-associative approaches relative to the base formulations.
Only 1D studies were presented in this section. We expect to obtain similar re-
sults in higher dimensions because Bažant et al. [1] showed that 1D wave dispersion
results are comparable to their 2D counterparts for the correspondence PD frame-
work. Although the present results are very encouraging, further studies involving
dynamic and nonlinear calculations, in multiple dimensions, using bond-associated
formulations are needed to make definitive conclusions about their performance in
this regime.
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(a) δ = 3h (b) δ = 4h
Fig. 1: Wave dispersion diagrams for 1D wave propagation on a uniform grid for two
horizon sizes. Dashed lines correspond to the classical (local) linear elastodynamics
solution.
In addition, Bažant et al. [1] compared the bond-based PD wave dispersion with
more classical non-local counterparts, and concluded that bond-based PD, and not
state-based PD, behaves more similarly to the classical non-local case showing (sig-
nificantly) less wave dispersion. The present results clearly show that it is not the
choice of modeling, but rather an inherent numerical instability of the state-based
framework that led to the undesired wave dispersion characteristics. This instability
is circumvented by the proposed bond-associated formulation, rendering the more
versatile state-based models stable and accurate for the approximation of wave dis-
persion phenomena.
4 Natural Boundary Conditions
A novel approach is given in this section for non-local modeling of natural boundary
conditions in peridynamics. Correspondence-model based PD is employed, which
enables a direct use of classical stress measures in PD.
The common PD practice involves applying boundary conditions on a non-local
collar (with size δ ) surrounding the body, to be consistent with the non-local nature
of the theory [30]. Here we assume that either essential (kinematic) or natural (stress)
boundary conditions are prescribed at each boundary point. This also means there
is no kinematic information for the boundary points with natural conditions (called
natural-bc nodes in the remainder of the text). The natural-bc nodes, therefore, cannot
be involved in the evaluation of their neighbors’ deformation gradient, for which
the knowledge of the kinematics (i.e., displacement) is required. By this argument,
we use two different set of families for material points in the vicinity of boundaries
(including damaged surfaces): one set, denoted asH k, includes only the non-broken
bonds from the bulk and the essential-bc nodes to compute the deformation gradient;
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(a) δ = 3h (b) δ = 3h
(c) δ = 4h (d) δ = 4h
Fig. 2: Wave dispersion diagrams for 1D wave propagation on a non-uniform grid
for two horizon sizes. Real component is shown in (a) and (c). Imaginary compo-
nent is plotted in (b) and (d). Dashed lines correspond to the classical (local) linear
elastodynamics solution.
another set denoted as H s involves all the surrounding nodes to compute the stress
divergence. Fig. 3 provides a schematic of the modeling approach.
To incorporate this two-neighborhood approach, Eq. (3) is modified as
F˜I = I+ ∑
J∈H kI
[uJ−uI ] γ ᵀIJ , (8)
and Eq. (5) is adapted as (
∇h · P˜
)
I = ∑
J∈H sI
[
P˜JI− P˜I
]
γ IJ , (9)
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Fig. 3: Two different neighborhoods used to evaluate the deformation gradient and
stress divergence. Natural-bc neighbors are only considered for evaluating the diver-
gence term.
where
P˜JI =

P(F˜JI) if JI is non-broken bond with kinematics,
PˆJ if J is natural-bc node,
0 if JI is broken bond.
Here, PˆJ is the stress tensor at J that is directly supplied through boundary conditions.
Computation of F˜JI , using Eq. (6), is only needed if JI is a non-broken bond with a
kinematic condition.
4.1 Numerical results
In this section, the reproducing kernel peridynamics and its bond-associated counter-
part are called RK-PD and BA-RK-PD, respectively. The generalized moving least
square peridynamic method and its bond-associated variant are denoted as GMLS-
PD and BA-GMLS-PD, respectively. A linear bond-associated model (without the
higher-order corrections), equivalent to the linear BA-RK-PD, is called BA-PD. The
following numerical examples are provided for a threefold goal: (1) to show the
suitability of the developed methodology for modeling natural boundary conditions,
(2) to test the convergence of the different versions of the correspondence formula-
tion to linear elastics, (3) to demonstrate the necessity of both elements, i.e., bond-
associative and higher-order corrections, to obtain a robust formulation.
We consider linear (n = 1), quadratic (n = 2), and cubic (n = 3) models in a set
of two-dimensional (plane-strain) static problems. The horizon δ is chosen according
to the nodal spacing and the order of the formulation (n), in each problem, to ensure
having sufficient number of neighbors to obtain polynomial unisolvency. Boundary
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conditions (essential or natural) are prescribed on a fictitious layer of size δ , and
elastostatic solutions are computed.
Convergence of the models to linear elastostatics is studied in the following exam-
ples. To recover a local solution, the size of the horizon and the mesh approach zero
concurrently. As the non-local deformation gradient, i.e. Eq. (8), is a linear function
of the displacement, the following constitutive law governs a linear formulation
ε = (F+FT )/2− I,
P = λ tr(ε )I+2µ ε ,
where λ and µ are the Lamé parameters.
A cubic B-spline kernel, commonly used as a smoothing function in meshfree
methods, is utilized as the influence function for RK-PD (and its BA variant). This
radial function is given as:
α(ξˆ ) =

2
3
−4 ξˆ 2+4ξˆ 3 for 0 < ξˆ ≤ 1
2
4
3
−4 ξˆ +4 ξˆ 2− 4
3
ξˆ 3 for
1
2
< ξˆ ≤ 1
0 otherwise
,
where
ξˆ ≡ |XJ−XI |
δ
.
As noted in Part I of this paper, the influence function for GMLS-PD and BA-GMLS-
PD is adopted as α(ξ ) = 1|ξ |2 , and is already included in the relevant equations, i.e.,
Eqs. (8) and (9).
Free-surface behavior is modeled as a natural boundary condition. Fictitious nodes
are employed in the free space, and their associated bonds are broken, i.e., given
zero stress values that directly contribute to the internal-force evaluation. A similar
approach may be implemented for fracture modeling, i.e., broken bonds carry zero
stress tensor.
We want to emphasize that two set of quadrature weights are required for mate-
rial nodes with natural-bc neighbors (including broken bonds, such as free-surface
neighbors): (1) to obtain a correct gradient for computing the kinematic variable (i.e.,
deformation gradient), which must always pass a patch test, a set of Φ IJ (for RK)
and ω IJ (for GMLS) is constructed using only the nodes from the bulk of material
and Dirichlet boundary region; and (2) to evaluate the internal force (i.e., divergence
of stress), a set of Φ IJ and ω IJ is obtained by considering the full neighborhood
involving natural-bc nodes (including broken bonds to model surface effects). The
natural-bc bonds are directly supplied with stress values (no kinematic variable is
computed for the natural-bc bonds).
The error is computed using the root-mean-square (RMS) norm
||e||2 =
√
∑Ni e2i
N
,
which is equivalent to the full L2 norm for quasi-uniform pointsets [29].
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4.1.1 Manufactured solution
The following 2D manufactured-solution example is computed on a square domain
[−1,1]× [−1,1]. The analytical solution is given by
u1(x,y) = Asin(pix/2)cos(piy/2)+Bexp(x)exp(y),
u2(x,y) =C cos(pix/2)sin(piy/2)+Dexp(x)exp(y),
resulting in the stress components
P11(x,y) =
pi
2
[
[A+C]λ +2Aµ
]
cos(pix/2)cos(piy/2)
+
[
[B+D]λ +2Bµ
]
exp(x)exp(y),
P12(x,y) =P21(x,y) =−pi2 [A+C]µ sin(pix/2)sin(piy/2)
+ [B+D]µ exp(x)exp(y),
P22(x,y) =
pi
2
[
[A+C]λ +2Cµ
]
cos(pix/2)cos(piy/2)
+
[
[B+D]λ +2Dµ
]
exp(x)exp(y).
and the corresponding body force b that satisfies static equilibrium, i.e. Eq. (1),
b1(x,y) =− pi
2
4
[
[A+C]λ +[3A+C]µ
]
sin(pix/2)cos(piy/2)
+
[
[B+D]λ +[3B+D]µ
]
exp(x)exp(y),
b2(x,y) =− pi
2
4
[
[A+C]λ +[A+3C]µ
]
cos(pix/2)sin(piy/2)
+
[
[B+D]λ +[B+3D]µ
]
exp(x)exp(y).
The set of constants is taken as A = 0.2, B = −0.15, C = −0.15, and D = 0.1. We
consider a material with Young’s modulus E = 100,000 and Poisson’s ratio ν = 0.3
in this problem.
Uniform and non-uniform nodal discretizations are employed in this example. A
set of average nodal spacing h = [0.2, 0.1, 0.05, 0.025] is considered for the conver-
gence test. The non-uniform, coarse-level discretization is obtained by perturbing the
nodes in the uniform, base level (h = 0.2) with a random normal distribution with
the standard deviation of 0.03 (15% of the average nodal spacing). The refined levels
are constructed in a systematic way by placing new nodes on the midpoints of the
adjacent old nodes. The non-uniform nodal discretizations are shown in Fig. 4. In
this problem, natural boundary conditions are applied on the top and right boundary
layers, and the bottom and left layers are subjected to essential boundary conditions.
For the linear, quadratic, and cubic models, the horizon size is chosen as δ = 2.5h,
δ = 3.5h, and δ = 4.5h, respectively.
The displacement RMS errors are shown in Fig. 5. For the uniform grids, the
RK-PD and GMLS-PD results show a super-convergence behavior, where a rate of
convergence of n+ 1 is empirically observed for odd-order models [17]. For the
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(a) Base level (L0) (b) L1 (c) L2 (d) L3
Fig. 4: Non-uniform nodal discretizations and refinements for the 2-D manufac-
tured problem. Blue and red colors denote the nodes used to prescribe displacement-
controlled and stress-controlled boundary conditions, respectively.
noted models, an inconsistent behavior is observed for the non-uniform case, which
is rooted in the lack of stability. BA-PD shows convergence with a near linear rate.
It is indicated that the higher-order, bond-associated models resulted in a near first-
order convergence rate for the linear case and a near second-order convergence rate
for the quadratic and cubic formulations, in a problem that involves smooth functions
(no discontinuity in the field variables). Only for the higher-order, bond-associated
methods, increasing the order of accuracy consistently decreases error. Adding at
least a second-order correction with the stabilized model seems necessary to achieve
a robust formulation.
Fig. 6 demonstrates the instability issue in the underlying models. Contours of the
horizontal displacements, solved by the quadratic formulations, are shown for two
levels of non-uniform grids (denoted as L1 and L3 in Fig. 4). While mesh refinement
reduces the high degree of oscillations present on the coarse mesh for RK-PD and
GMLS-PD, some spurious oscillations remain in the refined case. On the contrary,
the bond-associated methods provide meaningful and stable solutions at all levels of
mesh refinement.
We illustrate the effects of the neighborhood size in Fig. 7, by considering three
different horizons for the same nodal spacings. Quadratic models are used with non-
uniform discretizations. In this test, for the non-stabilized models, i.e., RK-PD and
GMLS-PD, error increases with δ . On the other hand, the bond-associated methods
demonstrate robustness with respect to the number of bonds in the neighborhood.
4.1.2 Infinite plate with a circular hole in uniaxial tension
In this example, we consider a classical problem involving a curvilinear free surface,
in which an infinite plate with a circular hole is subjected to far-field uni-axial tension.
Under plane strain condition, the following solution can be obtained [13, pp. 163–
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(a) Uniform discretization - Linear (b) Non-uniform discretization - Linear
(c) Uniform discretization - Quadratic (d) Non-uniform discretization - Quadratic
(e) Uniform discretization - Cubic (f) Non-uniform discretization - Cubic
Fig. 5: Convergence of RK-PD, GMLS-PD, BA-RK-PD, BA-GMLS-PD, and BA-PD
for the manufactured solution example. Linear, quadratic, and cubic formulations are
tested on uniform and non-uniform discretizations. BA-PD and BA-RK-PD overlap
for (a–b). Plots show displacement RMS error values.
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(a) RK-PD (b) GMLS-PD (c) BA-RK-PD (d) BA-GMLS-PD
(e) RK-PD (f) GMLS-PD (g) BA-RK-PD (h) BA-GMLS-PD
Fig. 6: Horizontal-displacement contours using quadratic formulations. Top and bot-
tom rows correspond to the L1 and L3 non-uniform discretizations, respectively.
While oscillations in the RK-PD and GMLS-PD fields are reduced with mesh refine-
ment, they are not completely eliminated. On the other hand, there is no oscillation
in the bond-associated solution fields, even on coarse grids.
(a) δ = 2.75h (b) δ = 3.5h (c) δ = 4.25h
Fig. 7: Convergence of the quadratic models is compared for different horizon sizes.
The horizon size has a large effect on RK-PD and GMLS-PD, while the bond-
associated versions show robustness with respect to it. Plots show displacement RMS
error values.
167] using Airy stress functions [23]:
Prr(r,θ) =
Tx
2
[
1− a
2
r2
]
+
Tx
2
[
1−4a
2
r2
+3
a4
r4
]
cos2θ ,
Pθθ (r,θ) =
Tx
2
[
1+
a2
r2
]
− Tx
2
[
1+3
a4
r4
]
cos2θ ,
Prθ (r,θ) = Pθr(r,θ) =−Tx2
[
1+2
a2
r2
−3a
4
r4
]
sin2θ ,
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where a is the hole radius and Tx is the magnitude of the applied far-field stress.
The infinite problem is modeled as a finite quarter plate with the exact stress
values prescribed on the non-local collar surrounding the perimeter of the plate. To
model the free-surface behavior at the hole region, a non-local, zero-stress, fictitious
layer is utilized in that region. That is, as noted previously, the free-surface nodes are
given zero stress values that directly contribute to the determination of ∇h · P˜ for their
material neighbors. Similar to the way the natural-bc nodes are employed, the free-
surface nodes are not involved in the evaluation of the kinematic variable for their
neighbors. Symmetry of the problem is used to apply kinematic (Dirichlet) boundary
conditions by assigning zero vertical displacements to nodes on the horizontal axis
and vice versa. Schematic of this modeling approach is provided in Fig. 8.
Fig. 8: Infinite plate with a circular hole. Blue color indicates the natural boundary
nodes, prescribed with the exact stress values. Red color denotes the free-surface
region, where fictitious nodes are placed and given zero stress values. Nodes on the
horizontal axis have fixed vertical positions and vice versa.
In this example, for obtaining a nodal discretization, a finite element mesh is
used, where each element is replaced by a meshfree node. The meshfree node is
placed on the centroid of the element and is given its area (volume in 3-D). Two
strategies are utilized to generate the mesh for this domain: (1) a structured meshing
algorithm, where finite element nodes are uniformly distributed along a polar coordi-
nate system to obtain quadrilateral elements, and (2) a semi-unstructured algorithm
using the open-source Python library pyGmsh, which is based on Gmsh [12], where
Delaunay triangular meshes are constructed. We denote these two schemes as polar
and triangular discretizations, respectively, in the remainder of this section. Differ-
ent mesh refinement levels are used to perform a convergence test. For each meshfree
discretization, average node spacing is defined by
h =
√
∑Ni Ai
N
,
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where Ai is element area. The approximate average spacing of h≈ [0.2, 0.1, 0.05, 0.025]
is considered for both mesh types. The different levels of nodal discretizations are
shown in Fig. 9.
(a) Polar - L0 (b) Polar - L1 (c) Polar - L2 (d) Polar - L3
(e) Triangular - L0 (f) Triangular - L1 (g) Triangular - L2 (h) Triangular - L3
Fig. 9: Meshes for the plate with a circular hole problem. The meaning of red and
blue colors is the same as in the previous figure.
As explained in Part I of this paper, using a constant horizon size in the physical
domain of the polar case to construct neighborhoods would result in a significantly
larger neighbor sets near the hole, where more nodes are in place. That would reduce
efficiency and potentially damage the robustness of the RK and GMLS algorithms
as they depend on the number of neighbors (cf. Fig. 7). To obtain neighbor sets with
consistent number of neighbors regardless of the location of the neighborhood (ex-
cluding in the vicinity of boundaries), while maintaining consistency between neigh-
bors (i.e., if a bond IJ exists, JI also exists), a mapping algorithm is used. That is,
the nodes are transformed from the physical domain to a parametric space, where a
uniform spacing of 1 is achieved between the adjacent nodes. The neighbor sets are
constructed in the parametric space. This approach is illustrated in Fig. 10. In the
parametric configuration, the horizon size for the linear, quadratic, and cubic mod-
els is adopted as δ = 1.75, δ = 2.75, and δ = 3.75, respectively. Note that although
the influence functions are computed in the parametric space, the quadrature weights
should be computed in the physical space, to obtain consistent gradient operators.
The neighbor sets, for the triangular discretization scheme, are formed in the
physical space. In this case, the horizon size is chosen as δ = 2.25h, δ = 3.25h,
and δ = 4.25h for the linear, quadratic, and cubic methods, respectively.
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Fig. 10: Mapping is used to define the neighbor sets in the parametric space, resulting
in a uniform number of neighbors for each node (except near the boundaries).
The stress RMS errors are shown in Fig. 11. The bond-associated models obtained
a near-linear convergence rate for quadratic and cubic cases (and a somewhat smaller
rate for the linear case), which demonstrates asymptotically compatible convergence
to the local solution in this problem. Note that the solution here is not smooth, in-
volving a jump in stresses near the free surface, and only a first-order convergence
rate with the non-local approach can be achieved. RK-PD linear case is asymptoti-
cally compatible; however, as soon as the number of neighbors increases (i.e., larger
horizon), neither of the quadratic or cubic methods are able to achieve good results.
The GMLS-PD results are associated with high degrees of error in all cases here. The
difficulty of the base models in converging to the solution is attributed to the instabil-
ity problem, as noted earlier. For the polar discretizations, the higher-order correction
enhances the accuracy of the BA variants in this example.
The stability issue of the base models are illustrated in Fig. 12, where the horizontal-
stress contours, for the quadratic models on the most refined triangular mesh, are plot-
ted. While the BA variants capture the exact solution in this problem, the instability
issue ruins the solution for the base models.
The methods considered here are also tested in the mild near-incompressibility
regime (ν = 0.495) using the same example. Fig. 13 shows the results for the quadratic
formulations, where the higher-order, bond-associated variants are the only models
that are able to converge to the analytical solution, obtaining a near-linear conver-
gence rate. RK-PD, GMLS-PD, and BA-PD do not achieve convergence in this test.
For higher levels of near-incompressibility, special treatment will be required to avoid
volumetric locking (see, e.g. [24]).
5 Conclusions
The present work builds on Part I where a core formulation of PD in the framework
of the correspondence modeling was developed based on the unification of RK-PD
and GMLS approaches and with the addition of bond-associated stabilization. The
18 Masoud Behzadinasab et al.
(a) Polar discretization - Linear (b) Triangular discretization - Linear
(c) Polar discretization - Quadratic (d) Triangular discretization - Quadratic
(e) Polar discretization - Cubic (f) Triangular discretization - Cubic
Fig. 11: Convergence of RK-PD, GMLS-PD, BA-RK-PD, BA-GMLS-PD, and BA-
PD discretizations for the plate with a circular hole problem. Linear, quadratic, and
cubic formulations are tested on the polar and triangular discretizations. BA-PD and
BA-RK-PD overlap for (a–b). Plots show stress RMS errors.
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(a) RK-PD (b) GMLS-PD
(c) BA-RK-PD (d) BA-GMLS-PD
Fig. 12: Horizontal-stress contours for the plate with a hole problem for the quadratic
formulations and L3 triangular discretization. Only the bond-associated results (c-d)
produce a meaningful, stable solution, which is in good agreement with the exact
solution (not shown here).
core formulation exhibited a good combination of accuracy, stability, and robustness
with respect to the choice of horizon size, attributes that are critical in engineering-
scale applications. In the present effort, we studied the behavior of the proposed
bond-associated models for the approximation of wave dispersion phenomena, and
developed a new procedure for the imposition of natural boundary conditions for PD
formulations in the strong form. Good performance in dynamic analysis and the abil-
ity to impose natural boundary conditions are likewise considered essential attributes
of any framework that is to be applied for solving nonlinear, dynamic, and coupled
multi-physics problems.
Wave propagation results presented here indicate that stability of numerical for-
mulations that comes with bond-associated modeling is essential to accurately cap-
ture wave dispersion phenomena, especially at higher wave numbers.
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(a) Polar discretization - Quadratic (b) Triangular discretization - Quadratic
Fig. 13: Convergence for the plate with a hole problem in the mild near-
incompressibility regime. Plots show stress RMS error values for the quadratic dis-
cretizations.
The main idea behind the enforcement of stress boundary conditions is to intro-
duce the so-called natural-bc nodes on the boundaries where stress boundary condi-
tions are enforced. Having introduced the natural-bc nodes, two neighborhood sets
are defined. One such neighborhood set excludes the natural-bc nodes and is used
for the computation of the non-local deformation gradient. This ensures that the for-
mulation passes the patch test. The other neighborhood set includes the natural-bc
nodes and is used for the computation of the internal force vector. This ensures that
the stress information from the natural-bc nodes is appropriately accounted for in the
in the internal force vector. The approach is similar to the modeling of damage in
PD, where the broken bonds are not involved in the kinematic variable computation,
and contribute only to the internal force evaluation. The proposed approach was suc-
cessfully tested on a series of 2D linear elastostatics benchmark problems involving
mixed boundary conditions, and also including mild near-incompressibility. It was
shown that the bond-associated, higher-order (at least a second-order) model gives
the best results.
Future efforts will utilize the developed framework to solve dynamic problems in-
volving material failure. We will apply the presented methodology to semi-Lagrangian
PD [4], which is well-suited to simulate very large deformation problems with frag-
mentation [2]. This framework will be used to study fluid–structure interaction phe-
nomena, where the surrounding fluid imposes stress boundary conditions on the solid
structure that are naturally handled in the proposed framework.
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